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intra-atomic exchange energy. This conclusion is reached by explicitly calculating |��|� for a general 
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For a single spin spiral there is only one term �� � �� and the requirement �������
� �������� � � can

be fulfilled by choosing � � � � �� with ��� � �� and � � � � where �� and �� are the real 

and imaginary part, respectively. The spin spiral is then given by �� � ������� � ��
� ������ �

������  

For a superposition of more than one spin spiral, it is naturally much harder to fulfill the requirement 

of constant moments on all lattice sites. Therefore, we choose one additional Q-vector besides �� and 
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S1: Nanoskyrmion lattice solution to the Heisenberg model 

 

Since the spin-spiral state is the exact solution of the classical Heisenberg model for a periodic 

arrangement of atoms, it is an excellent starting point to expand the solution due to further but smaller 

interactions such as the four-spin interaction. Therefore, we consider magnetic structures obtained 

from the superposition of spin spirals. These lead in general to two-dimensional magnetic structures. 

In order to be in accordance with the experimentally observed magnetic unit cell, the superposition or 

multi-Q state must include the Q-vectors determined experimentally from the Fourier transform of the 

spin-polarized STM image (Fig. 1c). In general, it is impossible to find a superposition state for two 

arbitrary but symmetry equivalent Q-vectors �  and �  in the 2D Brillouin zone, if we require the 

magnetic moment to be constant at all lattice sites, i.e. |� , in order to prevent a large loss of 

superposition of spin spirals:  � � ∑ �� ������ � �� �������� 
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 given either by M /2 or by K /2, which lie along the high symmetry 

lines Γ M and Γ K of the two-dimensional Brillouin zone (2D-BZ), respectively (see left inset of 

Fig. S1). In this way, we obtain additional freedom to find a solution since we can consider the t m in 

 first sum, Re uble sum, Re . 

direction 

er

the , together with a term from the do

For  and  to be symmetry equivalent they must be mirror symmetric to the high-symmetry 

Γ M of the 2D-BZ, see left inset of Fig. S1. Note, that  and  are not symmetry 

equivalent with  and . However, due to the nearly isotropic and flat energy dispersion of our 

system, all these spin spirals are very close in energy. With this approach it d 

an analytic solution of a multi-Q state which is of the form: 

 sin  

 

sin sin 
2

 becomes possible to fin

 

 cos  sin  

 

cos cos 
2

 cos  cos   

Here, the x- and y-directions lie in the plane of the surface while the z-direction denotes the direction 

perpendicular to the surface. If we define M  and K  we arrive at the spin structure 

sin , cos sin , cos cos  given in the main paper. From the final form it is obvious 

that the requirement of a constant magnetic moment independent of the lattice site i is achieved by this 

general multi-Q state.  

  

experiment (cf. the Brillouin zone sketch in the inset with the FT in Fig. 1c). The additional vector has 

been chosen as M. By interchanging the x-

y different multi-Q state (Fig. S1d). 

sci op

either a lattice of skyrmions or antiskyrmions from a multi-Q state as exemplified in Fig. S1e. We can 

x-c

cos K /| cos K | which is equivalent to flipping the spins according to the periodicity along the 

 

 

As an example, a commensurate multi-Q state is shown in Fig. S1b. It is constructed according to the 

analytic form above and in this example and  are nearly perpendicular to each other as in the 

 and y-components of the magnetization (i.e. starting from 

helical instead of cycloidal spirals) a vortex-type state is created shown in Fig. S1c. By interchanging 

the vectors K and M we find a slightl

 

The skyrmion number of states shown in Figs. S1b-d is S = 0 as they consist of an equal number of 

skyrmions and antiskyrmions. By using a ssor- eration (see black dashed lines) we can construct 

explicitly include this scissor operation in the analytic form of the magnetic structure given above by 

multiplying the omponent of the magnetization  of the multi-Q state (Fig. S1b) by a factor of 
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skyrmions (blue, i.e. positive values) and antiskyrmions (red, i.e. negative values) is apparent from this 

plot. Integration over t

sed by Yi et al.1 and apply it to our spin 

tructures. Using this approach, we also obtain a vanishing skyrmion number for all multi-Q states 

 
Figure S1 ⎜ Possible magnetic structures of Fe/Ir(111) resulting in the same SP-STM image for an out-of-plane 

magnetized tip. Cones represent atoms of the hexagonal Fe layer and point along their magnetization direction, red and 

green represent up and down magnetization components, respectively. Here, we show sketches of the following structures: a, 

(7:8) mosaic structure2 (unit cell is indicated) and commensurate multi-Q states constructed as described above using: b, M 

x-direction (cf. Figs. S1b and e). With an analogous operation, we obtain a nanovortex state from the 

multi-QM sta  with ortex-like pattern, cf. Fig. S1c and f.  

 

We can obtain the skyrmion density of the multi-Q state by applying Eq. (1) from the main paper to 

our analytic solution. As the skyrmion density is defined with respect to a vacuum background which 

is the ferromagnetic spin alignment, we need to compute the vector product  projected on 

a constant vector along the easy out-of-plane direction. In Fig. S1b and e the obtained quantity is 

shown as an inset for the multi-Q state and the anoskyrmion lattice. The distinction between 

he two-dimensional unit cell of the multi-Q state results in 0, while we 

calculate 1 for the skyrmion and 1 for the antiskyrmion lattice. Alternatively, we can use 

the definition of the skyrmion number on a discrete lattice u

s

while a positive or negative number occurs for skyrmion or antiskyrmion lattices, respectively. 
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as the additional Q-vector with a star-like pattern, the inset shows the skyrmion density as described in the text (blue refers to 

positive and red to negative values) c, M with a vortex-like pattern (unit cell is indicated and the same for the other multi-Q 

states), and d, K with a star-like pattern. e, Sketch of the commensurate nanoskyrmion lattice also shown in Fig. 1a. Dashed 

black lines show the construction from a multi-Q state by a scissor-operation. The inset shows the skyrmion density. f, Sketch 

of a commensurate nanovortex state constructed from a multi-Q state with a vortex-like pattern (unit cell is indicated and the 

same for nanoskyrmion). The left inset shows the 2D Brillouin zone and the -vectors used to obtain these magnetic 

structures (cf. FT of Fig. 1c in the main paper). The right inset displays the simulated SP-STM image for the magnetic states 

(b-f) for a tip with a magnetization along the out-of-plane direction. Changing the sign of the tip spin-polarization leads to a 

contrast inversion of this image. 

 

S2: Simulation of STM images 

 

The relation between experimentally observed spin-polarized STM images and the underlying 

magnetic structure has been investigated by simulating spin-polarized STM images on the basis of the 

spin-polarized Tersoff-Hamann model3. The tunneling current  can then be written as: 

 

where the first and second term represent the non-polarized and spin-polarized part of the current, 

respectively, and  and  are the unit vectors of the tip magnetization and the local sample 

magnetization of the states probed due to the applied bias voltage. Since we need to compare 

numerous non-collinear magnetic structures that are on the nanometer scale and can be 

experiment and full-DFT calculations for spin-polarized STM images of collinear and non-collinear 

 

In order to demonstrate that the experimental SP-STM images allow to distinguish between similar 

very similar to those of the multi-Q state, we find striking qualitative 

ifferences for a tip magnetization along the My component: while for the nanoskyrmion lattice again a 

lti-Q state exhibits stripes which run along the closed packed atomic 

w, i.e. along the diagonal bisecting the magnetic unit cell (x-direction). For a tip magnetization along 

ttice shown in 

incommensurate with the atomic lattice, we have chosen a recently introduced method4, which 

requires only the proposed magnetic structure and uses the independent orbital approximation for the 

electronic structure. This approach has been shown to give results in excellent agreement with both 

magnetic structures of chemically equivalent atoms4.  

magnetic states Fig. S2 displays simulated SP-STM images for the nanoskyrmion and the 

corresponding multi-Q state (cf. Figs. S1b and e). The magnetic unit cell of the commensurate 

nanoskyrmion lattice has been sketched in all plots for better comparison. While the SP-STM images 

for an out-of-plane tip magnetization and an in-plane tip magnetization along the Mx component of the 

nanoskyrmion lattice are 

d

square pattern is observed, the mu

ro

the side of the magnetic unit cell ((x,y)-direction) the nanoskyrmion exhibits lines perpendicular to the 

tip magnetization ((−x,y)−direction) − as observed experimentally in Fig. 2d − while the multi-Q state 

is characterized by a zigzag along the diagonal of the magnetic unit cell. The vortex la
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Fig. S1f is experim ntally distinguishable from the skyrmion lattice if the tip magnetization is aligned 

Even if a non-magnetic tip is used there is a fingerprint of the magnetic structure in the local density of 

f the atom’s total LDOS5. In order to simulate 

TM images based on the independent orbital approximation4 including the effect of TAMR we have 

e

along a crystallographic direction of the surface by an in-plane magnetic field as demonstrated in S4.  

 

states of the Fe atoms. In a non-collinear magnetic state, e.g. the nanoskyrmion lattice, the magnetic 

moments of the Fe atoms point into different directions from atom to atom measured relative to the 

underlying atomic lattice. Since the spin-orbit interaction links the spin space to the real space, the 

electronic structure changes from site to site. It has been shown previously that the small changes in 

the electronic structure due to spin-orbit coupling (SOC) can be detected in an STM experiment5,6 as 

the tunneling anisotropic magnetoresistance (TAMR). The variation of the local density of states 

(LDOS) due to this effect amounts to about 5-10% o

S

modulated the LDOS depending on the local moment direction. The tunnel current I at the tip position 

r can then be written as 

∆ α
α

exp 2 | α|  

where  denotes the atom’s LDOS and  represents the modulation of the LDOS of atom α at Rα 

due to TAMR. The decay constant is given in WKB approximation by 2 /ħ  where  is the 

work function. The angle dependence of the modulation  arises from the angular dependent part of 

the matrix element of the Hamiltonian due to SOC, which mixes different d-orbitals 

∆ ,  

where γ is a constant denoting the relative weight of the modulation and is chosen between 0.05 and 

0.10 in accordance with previous results5. The function θ,ϕ  which depends on the polar angles of 

the magnetization direction of atom α relative to the lattice of the substrate can also be expressed via 

the magnetization components, e.g. 

, cos  . 

can be clearly distinguished using spin-polarized STM (S1 and S2).  
 

Depending on the applied bias voltage, V, different contributions to the LDOS may dominate the 

tunnel current and therefore the modulation of the LDOS may also stem from different d-orbitals that 

result in a bias-voltage dependent change of the angle dependence of . In contrast to spin-

polarized STM where the magnetic signal depends on the cosine of the angle between the 

magnetization direction of the tip and the Fe atom at site , the spin-orbit caused TAMR contrast is 

proportional to the square of the cosine of the angle between the magnetization direction of the Fe 

atoms and the lattice vectors of the substrate. This means that while the spin-averaged STM images 

including TAMR simulated for the nanoskyrmion lattice and e.g. the multi-Q state are identical, they 
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es for the commensurate nanoskyrmion lattice and the corresponding multi-

Q state. Upper row shows the nanoskyrmion lattice, while the middle row displa  the multi-Q state that is composed of an 

equal number of skyrmions and antiskyrmions. Left panels show sketches of the magnetic structure, cf. Fig. S1. To the right 

of the na

yrm  

e 

assumed, i.e. , / . The third STM image shows a modulation of the LDOS with the horizontal in-plane 

ple vector magnetization 

density (in the vicinity of the Fermi energy) of the Fe monolayer on Ir(111) projected onto four 

different directions with respect to the magnetic unit cell: the out-of-plane axis and three in-plane 

directions rotated by 120° with respect to each other. From this information we can construct the 

three-dimensional vector magnetization density using a procedure similar to Gao et al.7. We know the 

magnetization component along one direction, defined by the magnetization of the STM tip, for each 

of the four measured sublattices, but we do not know their phase relation, since we could not measure 

them within the same sample area.  Assuming a continuous vector magnetization density (in the 

vacuum) we can still narrow down the possible magnetic structures as shown in the following. 

 

Figure S2 ⎜ Simulation of (SP-)STM imag

ys

are simulated SP-STM images for a tip magnetization as indicated above the plots. In the text the tip magnetization 

components (Mx,My,Mz) are expressed with respect to the horizontal in-plane direction (x), the vertical in-plane direction (y), 

and the direction perpendicular to the surface (z). The bottom panel shows again a sketch noskyrmion and simulated 

STM images including the TAMR contribution. These images are identical for the nanosk ion and the multi-Q state

displayed above. For the first simulated STM image no modulation of the LDOS has been assumed. In the second STM 

image a modulation of the LDOS of every atom with the vertical in-plan component of the local magnetic moment has been 

component , / .  

 

S3: Deducing the vector magnetization density from the experimental SP-STM data 
 
In our SP-STM experiments (Fig. 1 and Fig. 2), we have measured the sam
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The SP-STM measurements on the three rotational domains with an in-plane magnetized tip are 

displayed in the three panels of Fig. S3a (the data is the same as in Fig. 2b-d). Before constructing the 

3D vector magnetization we have performed a unit cell averaging procedure as shown by insets in the 

lower right corner of each image. Now we rotate the unit cell averaged images to change from the tip 

magnetization reference frame to the magnetic unit cell reference frame (with the closed packed row 

that is one diagonal of the square magnetic unit cell being horizontal) and merge them to derive the in-

plane magnetization as shown in Fig. S3b. We indicate the in-plane magnetization direction by a color 

code as sketched by the ring, the three in-plane magnetization directions we probe are given by the 

projection to the tip magnetization indicated by the black arrows. One in-plane direction (sublattice I, 

Fig. S3b top left) shows stripes along the side of the square unit cell, with yellow and blue color for 

opposite sample magnetization components. The other two in-plane sublattices (II and III, bottom left  

and top right of S3b) are square and measured with a tip magnetization that is rotated by ±120° with 

respect to that of sublattice I. The only way to create a continuous magnetization density from these 

three sublattices is to place the green of sublattice II and the red of sublattice III onto the position 

which was measured as yellow in sublattice I, since they all have parallel magnetization components 

(cf. the gradual mixing of I and II (III) at the left (top) of Fig. S3b). This immediately locks the purple 

magnetization density of the nanoskyrmion lattice as shown in the bottom right of Fig. S3b and in Fig. 

S3c. If we shift the out-of-plane component by half a unit vector to the other position indicated by the 

ircles we arrive at the antiskyrmion lattice as shown in Fig. S3d. 

and the 

of sublattice II and the cyan of sublattice III onto the blue of sublattice I. In this way we have linked 

the three in-plane sublattices to form the backbone of the magnetic structure, which is shown in S3b 

indicated by I+II+III. We still have a grid with a period of half of the magnetic unit cell vectors where 

the in-plane component is small, indicated by circles; these must be positions where we either have a 

large out-of-plane component or a cancelation of locally antiferromagnetically aligned in-plane 

components, since we have to assume nearly constant magnetic moments for the Fe atoms due to large 

intra-atomic exchange. If we position our  measurements of the out-of-plane magnetization (white and 

black for up and down, respectively) exactly onto one of these points we obtain the vector 

c

 

If one repeats the above procedure assuming a different in-plane magnetization for sublattice I (i.e. a 

rotation of the white arrows in the top left of S3b), one obtains magnetic structures in which the in-

plane component is rotated by a fixed angle at every position; the other high-symmetry case (rotation 

by 90°) is a vortex lattice as shown in Fig. S3e, which we can exclude experimentally (see S5).  

 

In conclusion, we cannot discriminate experimentally between the skyrmion lattice (Fig. S3c) and the 

antiskyrmion lattice (Fig. S3d), however, both are topologically non-trivial spin structures with either 

  1 or   1. From our calculations based on density functional theory, that have a proven 

track record of predictive power in this field, we find that the DM interaction is non-zero 
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irection of the DM vector is such that the skyrmion lattice with a clockwise rotational sense has the 

 

he 

s which 

e rotated by 120° with respect to each other. In the lower right corner the determined vector magnetization density 

componen  respect t

magnetization y 90° a vort

d

lower energy. 

 
Figure S3 | Vector magnetization density derived from the SP-STM measurements. a, SP-STM images of the three 

rotational domains (denoted sublattice I to III) obtained with an in-plane magnetized tip (data from Fig. 2b-d). Insets in the 

lower right corner show the images after unit cell averaging. b, Color-coded images and superposition of the three measured 

sublattices (I-III) to derive the vector magnetization density of the sample (close to the Fermi energy). The color indicates t

in-plane magnetization direction (see color circle). The magnetization in the three sublattices is a projection on axe

ar

(including the out-of-plane component) is given in comparison with the spin structure of the skyrmion lattice. c, Zoom of the 

magnetization corresponding to the nanoskyrmion lattice (same as in the lower right part of b). d, Shifting the out-of-plane 

t with o the in-plane magnetization leads to an antiskyrmion lattice. e, Upon rotation of the in-plane 

 b ex lattice is obtained. 
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In a previous publication2 no magnetic signal was reported for a measurement on an Fe ML on Ir(111) 

with an Fe-coated tip at zero external magnetic field (   0T). When a magnetic field perpendicular 

to the surface was applied the same magnetic superstructure as observed here was found. The 

interpretation of these measurements was as follows: while the magnetic structure of the sample is 

unaffected by the external magnetic field, the tip magnetization is turned from in-plane at zero field to 

out-of plane in magnetic field leading to the conclusion that there are only negligible in-plane 

components of magnetization and that the ground state is close to the collinear out-of-plane magnetic 

structure shown in Fig. S1a. This interpretation of the data needs to be revised in the light of the 

measurements and simulations presented here and in the following we will discuss this issue.  

 

When using Fe-coated tips at   0T (typically sensitive to the in-plane component of 

magnetization) many times a faint square magnetic superstructure is observed. However, the 

corrugation, i.e. the height change of the tip as it is scanned across the surface, with an out-of-plane 

sensitive tip (Fe-coated tip at   2T) is typically much larger. Previously we came to the 

conclusion, that at B = 0T the tip magnetization is not completely in the sample surface plane but 

slightly canted, thereby catching some of the out-of-plane magnetization components. As we know 

now, this is not necessarily the case, since also with an in-plane sensitive tip the observation of a 

square magnetic unit cell is likely (see Figs. 1,2 and Fig. S2); in fact, the simulation of SP-STM 

images for the nanoskyrmion (S2) shows that nearly 80% of all possible in-plane tip magnetizations 

yield a square magnetic superstructure, while only 10% show clear indications of stripes. Figure S4a 

shows again the simulated SP-STM images of Fig. 2b-d (insets), not rotated and with identical gray-

scales to allow a direct comparison. The right panel shows the profiles along the indicated line 

sections. It can be seen that the square magnetic superstructures have a slightly but distinctively larger 

corrugation compared to the stripe pattern. Figure S4b shows SP-STM images of the three different 

rotational domains of Fig. 2a (raw data, same as in Fig. 2b-d, color-scales adjusted to be identical). 

Again to the right the corresponding line sections are shown. Qualitatively, the line sections of the 

imulated and measured SP-STM images display the same trend of a smaller corrugation amplitude for 

 

S4: Corrugation of magnetic signal found in experiment 

 

s

the stripe pattern as compared to that of the square lattice. A quantitative analysis of the data shows 

that the corrugation of the stripe pattern (~4pm) is almost a factor of 3 smaller than the corrugation of 

the square pattern (~10-12pm), making the stripe pattern much more difficult to resolve. This 

quantitative deviation from the simulated images may be contained in the simplicity of the model (cf. 

S2) neglecting e.g. the bias voltage and possible inelastic effects.  
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d . While with the tip sensitive to the out-of-plane component 

f magnetization (left, B > 0T) the single domain square magnetic superstructure is dominant in the 

 the plane (right, 0 T) shows some 

reas with very weak and other areas with no magnetic superstructure. This is due to the fact that a 

 

In Figure S4c data from the old measurements2 is revisited, showing a sample area measured with an 

out-of-plane an an in-plane sensitive tip

o

whole area, the measurement with the tip magnetization in

a

second rotational domain has moved into the bottom of the scan area, which can be seen by the 

rotation of the faint square pattern with respect to the out-of-plane measurement. The corrugation of 

the square pattern in the in-plane measurement is only ~4 pm (blue line), meaning that the spin-

polarization of the tip is considerably smaller than the polarization of the tip used in the new 

measurements (Fig. S4b). Using the quantitative analysis from S4b the stripe pattern would have a 

corrugation of only 1 to 1.5 pm, which is at the resolution limit of the instrument and can explain the 

areas of the scan region showing no magnetic contrast (green line).  

 

 
 

Figure S4 | Experimentally observed corrugation variations for different tip magnetization. a,b, Simulated and 

experimental (raw data) SP-STM images with in-plane magnetized tip identical to the ones in Fig. 2b-d and profiles along the 

indicated lines; tip magnetization axis as indicated. c, SP-STM images from a previous measurement2 with a tip sensitive to 

the out-of-plane (left, 0 T) and the in-plane (right, 0 T) component of magnetization (note that a different rotational 

domain has moved into the area) and corresponding line profiles. 
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he STM data presented in the main text confirms the proposed nanoskyrmion lattice (Fig. S3c), 

by 9

allows to apply an in-plane magnetic field along one specific direction as well as a magnetic field 

M images for this configuration 

emonstrate a difference between the two spin structures (see Fig. S5a and b), which makes them 

distinguishable by SP-STM measurements. For both spin configurations one rotational domain 

displays a square like contrast, while for the skyrmion lattice the two other domains show a mixture of 

square and stripe contrast and for the vortex lattice the two domains show a stripe contrast. Most 

notably the stripes for the skyrmion lattice are almost perpendicular to the tip magnetization direction 

(magnetic field direction) while they are almost parallel in the case of a vortex lattice. 

Fig. S5 shows experimental data of a sample area exhibiting all three rotational domains imaged with 

an out-of-plane magnetized tip (i.e. in an external perpendicular magnetic field Fig. S5c), and with an 

in-plane magnetized tip (i.e. in an external in-plane magnetic field Fig. S5d). For the out-of-plane 

magnetized tip all three rotational domains show a square like contrast which is in accordance to our 

previous publication2. With an external in-plane magnetic field, one domain appears with a square-like 

contrast while the other two rotational domains show a mixed contrast of stripes and squares with the 

stripes almost perpendicular to the direction of the applied field. By comparing the experimental data 

to the simulated SP-STM images in Fig. S5a,b we can exclude the vortex state and identify the 

skyrmion lattice as the ground state of the Fe ML on Ir(111). 

 

S5: Experimental verification of a skyrmion lattice vs. a vortex lattice 

 

T

however, a nanovortex lattice (Fig. S3e) cannot be excluded from these measurements alone. Without 

a direct control over the in-plane magnetization direction of the tip it is impossible to distinguish 

between these two spin structures due to their similarity. In fact, one can transform the skyrmion 

lattice into the vortex lattice by rotating the in-plane components of all spins 0° in the surface 

plane. As the spin-polarized tunnel current depends only on the relative angle between tip and local 

sample magnetization the magnetic in-plane contrast in an SP-STM measurement is the same for both 

structures if the tip magnetization is rotated by 90° (Fig. S3). In order to experimentally prove the 

existence of the skyrmion lattice we have performed additional measurements in an STM setup which 

perpendicular to the sample8. By applying a magnetic field of 1T we can align the magnetization 

direction of an Fe coated W-tip in the magnetic field direction while the magnetic structure of the 

sample is unaffected. For these measurements the sample was inserted with one of the closed packed 

rows along the in-plane magnetic field direction. Simulated SP-ST

d



12 
 

= 0.5 nA). 

 
Figure S5 | SP-STM measurements to discriminate between skyrmion and vortex lattice. a and b show 

simulated SP-STM images of the skyrmion lattice (cf. Figs. S1e, S3c) and the vortex lattice (cf. Figs. S1f, S3e), 

respectively; the tip magnetization direction is indicated by the arrow and all three rotational domains are 

displayed. c and d show SP-STM images of the three rotational domains with an out-of-plane and an in-plane 

magnetized tip, respectively, as indicated by the arrow (tip magnetized along an external out-of-plane and in-

plane magnetic field of 1 T). The top left images display a 50 nm × 50 nm overview image while the other 

three images (8 nm × 8nm) show a closer view of the three rotational domains (U = +50 mV, I 

 

 

S6: Parameters of the extended Heisenberg model 

 

We have applied density functional theory (DFT) in order to determine the parameters of the extended 

Heisenberg model given by 

 

DM  
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The model includes the exchange interaction, the four-spin interaction, the DM interaction, the 

biquadratic interaction, and the magnetocrystalline anisotropy.  The first three terms are given in the 

main text and the other two are  

 

К  

This Hamiltonian approximates the real system − comprised of the Fe monolayer and the underlying Ir 

substrate − by an effective two-dimensional spin model. In this respect, all terms contain the 

contributions between the Fe atoms and to a smaller extent also contributions from the interactions 

between Fe and Ir. By using this extended Heisenberg model with parameters determined from first-

principles, we are able to determine the energies of any (commensurate or incommensurate) multi-Q 

state or nanoskyrmion lattice shown in section S1 or any other magnetic lattice that could be consistent 

with the experiment. 

 

To obtain the constants within density functional theory, we use the full-potential linearized 

augmented plane wave (FLAPW) method implemented in film geometry in the FLEUR code9,10. The 

method is ideally suited for transition metals in open geometry such as the Fe monolayer on Ir(111). 

By including spin-orbit coupling in the calculations within second variation we can determine the 

magneto-crystalline anisotropy energy and the Dzyaloshinskii-Moriya interaction.  

h

commensurate nanoskyrmion lattice of Fig. 1a possesses a large 2D unit cell with 15 atoms and the 

-orbit 

oupling with meV accuracy, which requires respective numerical cut-off parameters, we have used an 

symmetric film consisting of 4 layers of the Ir(111) substrate and one layer of Fe in fcc stacking 

ss dependence of the total energy differences for 

 number of selected states has been carefully tested. We have used a two pronged approach to make 

performed using the generalized-gradient approximation11 (GGA) of the 

xchange-correlation potential. The energy differences between magnetic configurations have then 

been obtained with the local-density approximation12 (LDA).  

 

The total energy calculations for all magnetic configurations required to obtain the exchange constants 

, the four-spin interaction , the biquadratic term , the strength of the Dzyaloshinskii-Moriya 

interaction , and the magneto-crystalline anisotropy constant К , need to be performed for the same 

structural parameters suc  as the film thickness in order to gain consistent results. As the 

total energy needs to be calculated including both a non-collinear magnetic structure and spin

c

a

which results in 75 atoms in the unit cell. The thickne

a

use of the strength of different exchange functionals: Structural relaxations of the Fe layer and the 

adjacent Ir layer have been 

e
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The exchange constants Jij have been calculated up to 8 nearest neighbours by fitting the energy 

dispersion of spin spirals10 along the high-symmetry direction  Γ K M of the 2D BZ. The values 

are in terms of :  +5.7 meV,  −0.84 meV,  −1.45 meV,  −0.06 meV,  +0.2 

meV,  +0.2 meV,  −0.2 meV,  +0.5 meV, where  is the magnetic moment per Fe atom. 

Note, that an essential fea xchange energy, which needs to be captured by the exchange 

constants, is the slow rise of  in the vicinity of 0, i.e. close to the ferromagnetic state (cf. 

Fig. S6a). 

 meV/Fe-atom lower in total energy than the ferromagnetic state (see Table S6). 

he antiskyrmion lattice (obtained from the multi-Q state by using the scissor operation to cut out the 

e of К  −0.8 

eV has been obtained, with a minus sign denoting an easy out-of-plane magnetization direction. 

To

have varied them to optimally reproduce the total energy differences of all magnetic states of Table S6 

system by an effective two-dimensional 

eisenberg model. 

ture of the e

 

We assume the direction of  for two nearest-neighbour Fe atoms according to the Fert-Levy 

mechanism of the DM interaction13. The strength of the DM interaction has been calculated directly 

from the energy difference of the nanoskyrmion lattice and the corresponding antiskyrmion lattice 

(   2.8 ), i.e. from non-collinear magnetic calculations with 75 atoms including spin-orbit 

coupling. The nanoskyrmion lattice, which has the lowest total energy among all states we calculated 

within DFT, is by 6.7

T

patches with  1) is only by 1.7 meV/Fe-atom lower than the ferromagnetic state. From these 

energies we obtain an absolute value of the nearest-neighbor DM interaction of   −1.8 meV. 

The negative sign implies that a clockwise magnetic rotation (Fig. 3b) has a lower energy than a 

counterclockwise one (Fig. 3c).  The magneto-crystalline anisotropy constant has been calculated from 

comparison between the in-plane and out-of-plane ferromagnetic solution and a valu

m

 

 determine the strength of the four-spin and the biquadratic interaction for nearest neighbours we 

(four different collinear magnetic structures, and two non-collinear states). The extraction of the four-

spin and the biquadratic interaction is possible due to the fact that energy differences beyond 

Heisenberg exchange interaction, DM interaction, and magneto-crystalline anisotropy can be 

accounted for only by higher-order terms (for the collinear states there are additional smaller terms due 

to spin-polarization induced in the Ir-substrate). The values we find are  −1.05 meV and 

 −0.2 meV. 

 

To check how well this set of parameters reproduces the total energy DFT results obtained by means 

of the FLEUR code, we compare the total energy differences with those obtained from the 

Hamiltonian of the extended Heisenberg model. Both values are shown in Table S6 and the energies 

are given in meV/Fe-atom with respect to the ferromagnetic (FM) reference state14. We attribute the 

remaining energy differences to our approximation of the real 

H
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          (7:8)  +1.9   +1.7 

     

rmio   

nanoskyrmion  −6.7   −7.0 

able S6: Comparison of DFT and extended Heisenberg model total energies for different magnetic states. All energy 

 

          State  DFT   extended Heisenberg 

   FM   0.0      0.0 

     (4:11)     −3.7   −2.7 

         uudd      −5.9   −4.1 

 antisky n  −1.7    −2.0 

 
T

differences with respect to the ferromagnetic (FM) reference state are given in meV/Fe-atom, (7:8) mosaic state (cf. Fig. S1), 

(4:11) mosaic state (with a 15 atom unit cell as for the (7:8) state, but with 4 moments pointing out of the plane and 11 

moments pointing into the plane), uudd is the double-row-wise antiferromagnetic state running along the  Γ M direction, 

the antisk  lattice, and the nanoskyrmion lattice. 
 

S7: Total energies of competing magnetic structures 

 

In order to quantitatively compare the contributions from different terms in the Hamiltonian for single-

Q, multi-Q, and nanoskyrmion states, constructed according to the description in section S1, we plot 

 

single-Q states, i.e. spin spirals shown in Fig. S7a. For multi-Q states (dashed lines in Fig. S7b), the 

exchange energy displays a shallow minimum at   0 similar to single-Q spin spirals, while it 

increases significantly for 0.3 2 / . The four-spin term is of similar strength in this regime of 

Q with a minimum at   0.4 2 / . This value corresponds to a state where the average angle 

between the magnetic moments of nearest neighbour atoms is close to 90°. The DM term gives on

yrmion

their energy dispersions in Figs. S7a,b (cf. also Fig. 4d). As expected, the four-spin term is constant for 

ly a 

mall contribution and the total energy minimum is determined by the competition of rising exchange 

um.  

 

Within  Heisenberg model, we can also calculate the relevant energy contributions for the 

ther model spin structures sketched in Fig. S1. Fig. S7c reveals that the mosaic structure gains 

s

energy and decreasing four-spin energy leading to a value of   0.3 2 / . In comparison, the 

nanoskyrmions (solid lines in Fig. S7b) are slightly unfavourable in terms of exchange interaction due 

to the spins which were flipped with respect to the multi-Q structure (cf. Fig. S1). However, this is 

overcompensated by an onset of the four-spin term at smaller Q which results in a total energy 

minimum at   0.27 2 /  very close to the experimental value. Most importantly, for 

nanoskyrmion lattices of the favourable rotational sense the DM interaction is optimized and the total 

energy minimum of the nanoskyrmion lattice is below the multi-Q state minim

 our extended

o

significant four-spin energy with respect to the lowest single-Q spin spiral state, however, the 

exchange energy contribution is unfavourable. Due to the superposition of low-energy spin spirals, the 
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M vectors in Figs. 3a-d). In contrast, for a skyrmion lattice a unique rotational 

ense is selected due to the DM-interaction, while the skyrmion with the opposite rotational sense 

costs energy. The antisk e, o  the o (obtain tate by using the 

scissor operation to cut out the patches ith ) does not gain significant DM energy: since the 

rotational sense is opposite along different crys aphic axes for the antiskyrmion lattice there are 

DM contributions of op

 

We conclude that the fo ct n play erent spin spirals into a 

2D magnetic structure, yrmion lattice and an 

ntiskyrmion lattice or a multi-Q state. While the four-spin energy is small, it can compete with the 

ex lattice has also been excluded experimentally as 

emonstrated in section S5. 

ructures. a, Energy

lowest multi-Q state combines small exchange energy and four-spin energy contributions. The 

nanovortex is similar in total energy due to compensating gains and losses in four-spin and exchange 

terms, respectively. However, the vortex structure cannot have contributions from the DM-term due 

symmetry (cf. the D

s

yrmion lattic n ther hand ed from the multi-Q s

w  1

tallogr

posite sign which nearly cancel. 

ur-spin intera io s the crucial role to couple diff

but the DM interaction makes the difference between a sk

a

exchange energy for Fe/Ir(111) as the nearest-neighbour ferromagnetic exchange coupling is unusually 

small in this system due to the strong Fe-Ir hybridization. We exclude a nanovortex structure (see Fig. 

S1f), which could also explain the SP-STM experiment of Fig. 2, as it loses the energy gain due to DM 

interaction while the energy from magnetic dipole interaction is much too small due to the atomic-

scale of the vortices. Note, that the vort

d

 
Figure S6 ⎜ Total energy differences between different possible magnetic st  dispersion E(Q) along the 

high-symmetry line ΓK for single-Q states. The total energy (red lines) is decomposed into the contribution from the 

exchange interaction (gray lines), the Dzyaloshinskii-Moriya interaction (green lines), and the four-spin interaction (blue 

lines). b, Energy dispersion E(Q,θ=90°) for the multi-Q state (dashed lines) and the corresponding nanoskyrmion lattice 

(solid lines) constructed according to S1. c, Comparison of the energies for the lowest energy single-Q state (Q = 0.2×2π/a), 

the (7:8) mosaic str ti-Q state, and the lowest nanovortex and –skyrmion states. ucture, the lowest mul
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14. Note, that the (7:8) mosaic state is slightly higher than the FM state as we use LDA here, while 

GGA has been used in a previous calculation2. However, a lower value of the mosaic state would 

only increase the strength of the four-spin interaction thereby also lowering the total energy of the 

nanoskyrmion lattice. 


